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CHAPTER 1

Introduction

Artin L-series were introduced by Artin in his articles ” Uber eine neue
Art von L-Reihen” (1923) and ”Zur Theorie der L-Reihen mit allge-
meinen Gruppencharakteren” (1930) [3]. In the proof of his "reci-
procity law” Artin showed that in the case of an Abelian extension of
number fields Artin L-functions are just Hecke L-functions. Therefore
the theory of those functions did directly apply to Abelian Artin L-
series. For example we know that Hecke L-functions with non-trivial
character are entire functions. Artin’s conjecture states the same for
general Artin L-functions with non-trivial character. Since Brauer [5]
it is known, that these functions have a meromorphic continuation to
C and a functional equation like Hecke L-functions. However it is un-
known if they have poles in the critical strip 0 < Re(s) < 1. Artin’s
conjecture on the holomorphy of the Artin L-functions has inspired
a lot of development in number theory [21], namely for example the
Langlands’ program to find a general reciprocity law for non-Abelian
extensions of number fields. For the analogue of those Artin L-functions
in the case of function fields Artin’s conjecture is known to be true and
this fact played a prominent role in Laurent Lafforgue’s proof of the
Langlands correspondence for function fields [17].

We report on the fundamentals of Artin L-series in the next chapter.

The study of the distribution of non-zero values of Riemann’s Zeta-
function starts with Harald Bohr’s [4] work. He investigated the value
distribution of the Zeta-function for Re(s) > 1. An exposition on this
subject can be found in Titchmarsh’s "The Theory of the Riemann
Zeta-Function” [30]. The work of Voronin [14] extends this investiga-
tion to the investigation of the distribution of non-zero values in the
strip 1/2 < Re(s) < 1. He gets a quite new type of theorems, which
are called ” Universality” theorems in the literature. Generalizations of
these theorems to other Dirichlet series exist, for example to Dedekind
Zeta-functions [26] and to the Lerch Zeta-function [10]. Further gener-
alizations are concerned with the joint distribution of non-zero values



of Dirichlet L-functions ([14], [11]) and with the joint distribution of
non-zero values of Lerch Zeta-functions [18].

Our approach generalizes the theorem on the joint distribution of non-
zero values of Dirichlet L-series [14] to Artin L-series of an arbitrary
normal extension K/Q. It is unconditional, i.e. we do not presup-
pose Artin’s conjecture to be true. It is more than a theorem on the
joint distribution of non-zero values, since it states that we may ap-
proach jointly n arbitrary non-zero holomorphic functions by n Artin
L-functions (Theorem 5.1).

To prove this result we need a mean value theorem. This theorem
(Theorem 4.1) does not apply to Artin L-functions, since we do not
know if they are holomorphic in the critical strip. However it is valid for
Hecke L-functions and Dedekind Zeta-functions (Remark 4.1), because
they only possess a limited number of poles. The method we use for
this purpose is known as Carlson’s method [30], and was applied to
the k-th power moment of the Riemann Zeta-function.

A theorem of Davenport and Heilbronn [8] states that Hurwitz Zeta-
functions and Zeta-functions attached to positive definite quadratic
forms of discriminant d, such that the class number h(d) is greater
than 1, have zeros with Re(s) > 1. It was proved by Voronin [14], that
those functions do have zeros in the strip 1/2 < Re(s) < 1. We prove
(Theorem 6.4) that this is true for every partial zeta-function attached
to a class of a ray class group of any algebraic number field, provided
that this group has cardinality greater than 1. This especially applies
to the class group of a number field with class number greater than
1. The zeta-functions of every class of the class group of a number
field have a functional equation like the Riemann Zeta-function [16,
p.254], and therefore we have found other functions for which ”the
analogue of the Riemann hypothesis is false” [30, p.282]. If we take
the generalized Riemann hypothesis for granted, then the sum of all
these partial zeta-functions should have no zeros in the strip 1/2 <
Re(s) < 1, although each of its summands has infinitely many zeros.
Thus these zeros must be at different places. We recall, that these
zeta-functions play a prominent role in class field theory (Hasse [13],
Stark [28]).

It is known, that the Dedekind Zeta-functions of different normal ex-
tensions differ. We show to which extend Zeta-functions of different
normal extensions are really different (Theorem 6.6). The theorems in
the last chapter are applications of Theorem 5.1 on Artin L-functions.

4



1. Notations

We use the big O-notation (Landau symbol) in the following way:

By f(t) = O(g(t)) we mean that f is a function with the property
|f(t)] < Cyg(t) for all t. The constant C' depends only on f and g. By
f(t) = O4(g(t)) we emphasize, that C' > 0 depends on a. The notation
vol(M) for some set M C R" denotes the Lesbegue-measure of this
set, which has volume 1 on the unit cube. I'(s) is the Gamma function
[2]. The Greek letters I and v are also used for curves in the complex
plane or in R”. Re(z) and Im(z) are the real part and the complex
part of z € C.

If @ € R is a real number, then {a} := a — [a]. [a] denotes the largest
integer n € Z with n < a. ged(a,b) is the greatest common divisor of
integers in Z or of ideals, if defined. For a finite set M we denote by
#M its cardinality. Algebraic number fields [20] are denoted by small
or big Latin letters k, K, L. The Galois group of a normal extension
K/k is denoted by G(K/k). For a finite algebraic extension K/k we
denote by [K : k] its relative degree. The trace of an algebraic number
« is denoted by T'race(), its norm by N(a) or Ng/x(a), if relative
to the subfield k. Oy denotes the ring of integers of the number field
k. Ideals are denoted by a or b. Those letters may also denote the
modulus of a class group in the sense of class field theory [13]. The
norm of an ideal a is denoted by N(a). P is the set of all rational
primes. P is the set of prime ideals of Of. The exponent k of the
exact power p¥ dividing a rational integer d, i.e. ged(pF*t, d) = p*, will
be denoted by v,(d), i.e. v,(d) := k. 1 denotes also the neutral element
of a group. It may as well be used for the identity element of a Galois
group G and for the character y : G — C with x(g) = 1 € C for all
g € G. The group of characters of an Abelian group G is denoted by
G*.

G L (C) is the group of all k£ x k-matrices, which have an inverse. For a
matrix A we denote by Tr(A) or Trace(A) its trace and by det(A) its
determinant. The restriction of a map f : M — T to a subset U C M
will be denoted by fiy, ie. fip:U —T.






CHAPTER 2

Fundamentals

1. Linear Representation of Finite Groups and Artin
L-Series

By a class function on a finite group G' we mean a function f : G — C
such that f(rgr™') = f(g) for all 7,9 € G. In other words: The value
of a class function depends only on the conjugacy classes of the group.

DEFINITION 1. Let G be a finite group, p : G — GLi(C) a group
homomorphism. p is called a representation of G. Then x : G — C
with x(g) := Trace(p(g)) is called a character of G. The degree of this
character is k.

Obviously every character is a class function and the degree of a char-
acter is equal to x(1).

We call this kind of characters also a non-Abelian character if we
want to distinguish them from the usual Abelian characters of Abelian
groups.

DEFINITION 2. An irreducible representation of the group G is a group
homomorphism p : G — GLg(C) that can not be decomposed into
the direct sum of two representations. An irreducible character is the
character of an irreducible representation.

THEOREM 2.1. [27, p.18] The irreducible characters of a finite group

G form an orthonormal basis of the vector space of class functions on

G with respect to the scalar product (Xﬂ/)) = ﬁ %éx(g)@/)(g). The
g

dimension of the vector space of class functions is equal to the number

of conjugacy classes of G.

Every character on a group G is the sum of (not necessarily different)
irreducible characters of this group.



DEFINITION 3 (induced character).
Let U be a subgroup of the finite group G and x a character of U. Then
for every g € G we have the induced character of x defined by

X*(9) = % > x(vgv™)

veG

where x(a) :=0ifa ¢ U.

An induced character is a character in the sense of the above definition
of characters.

THEOREM 2.2 (Frobenius reciprocity). [27, p.86] Let U be a subgroup
of G. If ¢ is a class function on U and ¢ a class function on G, we
have (with the scalar product above)

(1/)7 ¢|U)U - (1/)*7 ¢)G'

THEOREM 2.3 (Brauer). [23, p.544] Every character on a finite group
G is a finite linear combination x = Y mp; — Y. my}, where ¢ and

! ]
Y[ are induced from characters oy, 1, of degree 1 of subgroups of G and
ng,my € 220,

Let K be a normal extension of k£ with Galois group G(K/k). Denote
by Iy the inertia group and by Dg the decomposition group of the
Galois group G(K/k) corresponding to the prime ideal B with p C B,
prime ideal p C Ok and B | pOk ([12, p.33] and [20, p.98]).

If Iy = {1}, the Frobenius-Automorphism o := (B, K/k) € Dy is
defined by [20, p.108]

oa=a¥® mod P

for any o € Ok and p C P. If we exchange the prime ideal B by
the prime ideal P’ with p C ', then the corresponding Frobenius-
Automorphisms (B, K/k) and (', K/k) are conjugate.

Let p be any finite linear representation of G(K/k). Denote the char-
1

acter of p by x. Set Ly(s, x, K/k) := det (E — N(p)~*p((B, K/k))) ",
where £ is the unit matrix. Obviously this definition is independent
of the choice of the prime ideal P with p C PB. Also it is clear that
this definition depends only on x and not on the specific representation
p with x(o) = Tr(p(o)), since the value of a determinant is invariant
under conjugation.



If Iy # {1}, then set V¥ := {x € C* | V. ¢y, : p(7)(x) = x}. Then
replace £ — N(p) *p((‘B, K/k)) in the definition of L,(s, x, K/k) by
the restriction £ — N(p) *p((B, K/k)) |, 1 to the subspace V1%,

We may write o, instead of (3, K/k), since class functions and
Ly(s, x, K/k) only depend on the conjugacy classes of a given group
element. We write L, (s, x) for L,(s, x, K/Q).

DEFINITION 4 (Artin L-Series). [23, p.540] The Artin L-series of a
character x on the group G(K/k) is defined by

L(s,x,K/k) : H Ly(s,x, K/k) for all s € C with Re(s) >

pely

The function L(s,x, K/k) has a meromorphic continuation to C.

In [3, p.169] Artin defines the Artin L-series by its logarithm:
log L(s, x, K/k) = Z h,N - for Re(s) >

We do not describe the detalls of this definition. However we remark
that the Dirichlet-coefficients X h ) of this Dirichlet series log L(s X, K/k)
are dominated by the Dirichlet-coefficients of x (1) log L(s, 1, K/k). Ac-
cording to the next theorem L(s, 1, K/k) is identical with the Dedekind
Zeta-function.

We write L(s, x) for L(s,x, K/Q). An Artin L-series L(s, x, K/k) is
called primitive if x is an irreducible character of the Galois group of
K/E.

Artin’s conjecture says, that L(s,y, K/k) is an entire function for all
irreducible characters x # 1 [23, p.547]. However it is unproven until
now. Therefore we do not know if Artin L-Series are entire or if they
have poles in the critical strip 0 < Re(s) < 1.



THEOREM 2.4. [23, p.544]

1. L(s,1,K/k) = (k(s).

2. If k C K C L are Galois extensions of k, and x 1s a character
of G(K/k), which may be viewed as a character of G(L/k) by
applying the restriction map, then
L(s,x,K/k) = L(s, x, L/k).

3. Let L/k be a Galois extension and K any subfield with
k C K C L. Then for a character x of G(L/K) we have
L(s,x, L/K) = L(s, x*, L/ k).

4. L{s, X + 0, K/K) = L(s, x, K/k)L(s, 0, K /).

REMARK 2.1. All the proofs in the last Theorem are done for the Fuler-
factors Ly(s, x, K/k). So these statements hold "locally”:

L, -

L. Ly(

2. Ly(s,x, K/k) = Ly(s, x, L/k).

3. Hp|qu Ly(s,x,L/K) = Lq(s, x*, L/k).
4. Ly(s,x + ¢, K/k) = Ly(s, x, K/k)Ly(s, ¥, K/k).
COROLLARY 2.1. [23, p.547]

If k C K is a finite Galois extension with Galois group G := G(K/k),
then

s,1,K/k)=(1—N(p)*)

Ck(s) = Ce(s) H L(s, x, K/k')X(l)_
x7#1

Denote the conjugacy classes of the Galois group G(K/Q) by C4, ... ,Cy.
Then

THEOREM 2.5 (Artin). [3, p.122] Denote by n(Cj,x) the number of
rational primes p < x with o, € C;. Then

hy [ dt
=2 [ —+
k ] logt

2

—a logl/2 :1:)

7(z,C;) (we

where a is some positive constant, k := #G and h; == #C;.

For a more effective and also unconditional version, see the article of
Lagarias and Odlyzko [15].
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2. Theorems from Complex Analysis and Hilbert Space
Theory

A series a,,n € N of real numbers is called conditionally convergent,

if > |a,| is unbounded and »_ a, converges for an appropriate re-
neN neN
arrangement of the terms a,,. The following Theorem generalizes Rie-

mann’s Rearrangement Theorem, which states that a series of real num-
bers is conditionally convergent if and only if it can be rearranged such
that its sum converges to an arbitrary preassigned real number.

o0
THEOREM 2.6. [14, p.352] Suppose that a series of vectors Y u, in a
n=1
o
real Hilbert space H satisfies Y ||un||* < oo and for every e € H with
n=1

o0
e # 0 the series Y (un, e) converges conditionally. Then for any v € H

n=1
o
there is a permutation © of N such that ) ury) = v in the norm of
n=1
H.

THEOREM 2.7 (Paley-Wiener). [24, p.13] Let F be an entire function.
Then the following statements are equivalent:

(1) / |F(z)|?dz < oo and limsup |F(z)e "+l < oo

00 zeC
for every e > 0

(2)  there is a function f € L*(—0,0) such that

F(z) = \/%_7? /0 f(u)e™du

This theorem has the following consequence.
COROLLARY 2.2. Suppose that an entire function g Z 0 has a series
o0

expansion g(z) = ), 2" and the sequence {|ay|}nen is bounded. Then
n=0

for every ¢ > 1 there is an unbounded sequence {uy}ren of positive real

numbers such that |g(ug)| > exp(—cug).

In other words: The function g(z) is not only bounded by exp(cz) from
above but also in a certain sense from below.

Proof: Suppose the converse. Then we have |g(u)| < Aexp(—cu) for
some A > 0 and all positive real u. Then

11



lg(u) exp((1 + 0)u)| < Aexp(—du) for § := (¢ — 1)/2. Due to the
conditions on the coefficients a,, we have |g(—u)| < Bexp(u) for some
B > 0 and positive real u. Therefore again

lg(—u) exp(—(1 + 0)u)| < Bexp(—du) and for the maximum C' of A
and B it follows |g(u) exp((1 + d)u)| < C exp(—d|u|) for all u € R.

Set F(2) := g(2) exp((1 +6)z). Then limsup,¢ |F(2)e™ 9| < oo
for every € > 0. We have |F(u)|> < C? exp(—26|u|). Therefore condi-
tion (1) of the preceeding Theorem is satisfied. Then we have a func-
tion f € L*(—(6 + 2),8 + 2) such that F(z) = rf f(u)e™=du.

According to Plancherel’s Theorem [24, p.2] we find that f( ) =
f f F(u)e™™*dy almost everywhere in R. Since |F(u)| < C exp(—d|ul),

the funct1on defined by the integral is analytic in a strip near the real
line. However the support of f(x) lies inside a compact interval. There-
o0

fore the analytic function defined by \/%7 [ F(u)e ™du is zero outside

—00
of this interval for real x. Therefore it must be zero everywhere, which
is a contradiction to g # 0. O

THEOREM 2.8 (Markov). [1, p.314] Let P be a polynomial of degree
< n with real coefficients. Then max, < |[P'(z)| < n® maxj,<; |P(x)].

THEOREM 2.9. [30, p.303] Suppose that f(z) is holomorphic on
|z — 20| < R. Then for |z —z| < R <R

[ f(e+iy)|Pdedy

|z—z0|<R

(R — R')?

f(2)* <

As an obvious consequence we get:

COROLLARY 2.3. Suppose that fi,..., fn are functions continuous on
|z — 20| < R and holomorphic for all z with |z — zo| < R. Suppose that
for a sequence of holomorphic functions {¢;n}nen for 1 <I <N

tm [ Zmn ~ i) dwdy =0.

|z— z0\<R -

Then for every e > 0 there is a number ny € N such that for a fized
R <R and alln >ng,|z— 2| < R and all1 <I < N

1f1(2) = din(2)] < e

12



DEFINITION 5 (Hardy-space). The vector space Hy of functions f(s),
which are analytic on the disc |s| < R and with

lim / |f(2)|Pdedy < oo

r—R
|l2|<r

1 a real Hilbert space with norm
1/2
I =l [ 17 Pdody) "
2| <r

and scalar product

(,9) = lim Re / F(2) 90 dady.

The general theory of such Hilbert spaces is developed in [9, p.257].

It is well known, that every function f analytic on |s| < R has an
o0

convergent Taylor series f(z) = > a,z". This series is absolutely

convergent and lim sup |a, |'/" < 1/R. Likewise for |z| = r < R we have
n>0

(0.0 (0.0 (0.0
> |an mZ"Z7 = >0 |an||bm|r ™ = D |ag|r™ Z by |r™ < o0 for
n,m=0 n,m=0 n=0 m=0

every two functions analytic on |z| < R. Therefore

o0

/ f(2)g(z)dzdy = Z D / 2"Z"dxdy

|z|<r n,m=0 |z|<r

Z a // n+m+1 zn mnpd do = Z 2n+1)
nb pap =T an n )

n,m=0

Therefore our space consists just of those functions with
RZn
2
Z | n| (n+1)

and has the scalar product

R2n
(n+1)

<f7 g> - ﬂ-RZ Z Re(a'ngn)
n=0

13



THEOREM 2.10 (Rouché). [2] Let the curve v be homologous to zero in
a domain Q and such that n(v, z) is either 0 or 1 for any point z € Q
not on vy. Suppose that f(z) and g(z) are analytic in Q and satisfy the
inequality |f(z) — g(2)| < |f(2)| on v. Then f(z) and g(z) have the
same number of zeros enclosed by 7.

We have n(v, z) :%f%
v

THEOREM 2.11. [29, p.304.(9.51)] Suppose that f(s) is regular and for
some A > 0 and all o := Re(s) > a we have |f(s)| = O(|Im(s)|*),
whereas a € R is fived. Suppose that for o > oy with some o9 € R

ZM < oo and f(s) =
n=1 ne

o0
anp

ns’
n=1

If for o > «
. T
JES— )y 2
o7 [ 1o+ i
s bounded for T' — oo, then for o > «

2
hm —/|f (o +it)|*dt = g |a,;|
no'

uniformly in every strip a < oy < 0 < 03.

LEMMA 2.1. [30, p.151] Let f(s) = > a,n~* be absolutely convergent
n=1
for Re(s) > 1. Then

o c+i00

ap 5 1 —

etn — | T(w— 55 d
;nse 5 / (w = 8)f(w)6*™dw

for 6 >0,c>1,¢> Re(s).
LEMMA 2.2. [30, p.140] § > 0 and 1/2 < o < 1. Then
—(m+n)d

e

Z mon°log(n/m)

0<m<n<oo

= 0(52‘7—2 log %)

14



THEOREM 2.12 (Phragmen-Lindel6f). [16, p.262] Let f(s) be holomor-
phic in the upper part of the strip: a < o <b, andt > t; > 0. Assume
that f(s) is O(e™™) with 1 < «, and t — oo in this strip, and f(s) is
O(tM) for some real number M > 0, on the sides of the strip, namely
o=ua and o =b. Then f(s) is O(tM) in the strip. In particular, if f
s bounded on the sides, then f is bounded on the strip.

We state a consequence of Cauchy’s integral formula.

THEOREM 2.13. [2, p.122] For any analytic function we have

n!
£(0)] < — max |f(2)]

" z=r

if fis continuous on |z| < r and analytic in the disc |z| < r.

3. Theorems from Number Theory

Let z € RY,y C RY. The notation € v mod Z means that there
is a vector y € Z" such that z — y € 7. Fix a real number §, € R
and € > 0. We use the notation |#y — # mod Z| < € to denote those
numbers # € R which have a representative number ¢’ € R such that
|0p — 0'| < eand 0 — ¢ € Z.

THEOREM 2.14. [30, p.301],[14] Let oy, ... ,an be real numbers which
are Q-linear independent, and let v be a subregion of the unit cube of
RY with Jordan volume I'. Denote by I(T) the measure of the set
{t|te (0,T) and (auit,... ,ant) €y mod Z}. Then
. L(T) _
Th—I>noo T =1

A curve v : R — RY is said to be uniformly distributed mod Z if for

N
every parallelepiped IT = []]a,, b;] with a;,b; € [0,1] for 1 < j < N
j=1

. wol{t|t€ (0,T),y(t) €N mod Z} 15
P T =11~ o)

J=1

According to the preceeding Theorem 2.14 the curve v(t) := (aqt, ... , ayt)

is uniformly distributed.

15



THEOREM 2.15. [14, p.362] Suppose that the curve y(t) = (v1(t), ... , v (1))
is uniformly distributed mod Z and continuous as a function R7° —
RN . Let the function F be Riemann integrable on the unit cube in RY .

1 1
{P)/N / /F O N dl'l d.%‘N.
0 0

THEOREM 2.16. [14, p.362] Suppose that D is a Jordan measurable
and closed subregion of the unite cube in RN . v is a continuous and
uniformly distributed mod Z curve. € is a family of complez-valued
functions, which are uniformly bounded and equicontinuous on D.

Then

S
ga

O\H
,_t_\
ﬁ

Then the following relation holds uniformly with respect to F' € §:

TIL‘EO% / Flnm®,. .. ,{VN(t)})dt:/F(:rl,... o )d - doy
(0,7)nAp D

where Ap :={t | v(t) € D mod Z}.

16



CHAPTER 3

Fundamental Lemmata

Denote by P the set of rational primes.

DEFINITION 6. Suppose that
s) =110
peP

where f,(2) is a rational function and the product converges absolutely
for Re(s) > 1

Then for any finite set M C P of primes and for any 6 € R* we define
FM 8 9 H fp —8 7271'10

peEM

This definition applies to Artin L-Series defined over Q.

According to Definition 4 we have L(s,x, K/Q) = [] Ly(s,x) for
peP

Re(s) > 1 with Ly(s,x) = det(E — p(0,)p~* |,155) " Then
£(2) = det(E = p(0,) |1)) .
It is independent of the specific representation p of the character y.

Thus Ly(s, x,0) is well defined for every Artin L-Series L(s, x, K/Q)
defined over Q.

In the case of Hecke L-series L(s, y) we have

-5\ . _ x(p) \1
fo(p )-—g(l N(p)s)

for the prime ideals p lying above p € P. This is obviously a rational
function in the argument p—* since N(p) = p/®/P) with f(p/p) € Z='.

17



LEMMA 3.1. Suppose that Fy(s), ..., F,(s) are analytic functions which
are represented by absolutely convergent products

Fi(s) =[] foale™)

peP
o0
for Re(s) > 1,where f,;(z) =1+ ) az()f';)zm are rational functions of
m=1

z without poles in the disc |z| < 1. Set aq; == ][] agjf(d)). For alle >0
peP

there are constants c(e) > 0 with
|ad,l| < C(G)de.

Further suppose that they have an analytic continuation to the plane
Re(s) > 1—1/2k with at most one simple pole at s =1 for some k > 1.

Assume that
n
1
T/|Fz(a+it)|2dt
T

is bounded for o € (a,1) and T € RY, if a € (1 — 5, 1) is fized.

Let My C My C ... be finite sets of primes with P = U;il M;.

Suppose lim Fjar, (s,0;) = fi(s) uniformly in |s — (1 — £)| < r < &
J—>00

for fixed r > 0.

Then for any € > 0 there exists a set A, C R such that for all
l=1,...,nand allt € A,
max |Fi(s +it) — fi(s)| <€

ls—(1— g5 )I<r—e

and (AN (0,T
liminfvo( N (0,7))

T—>00 T > 0.
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COROLLARY 3.1. Let

Guml(s) = Z:ivm »(s)
m(8) "= =Ny .
=1 Fnp(5)
Suppose that the functions Fyp(s), Fyy, ,(s) satisfy all the conditions of
Lemma 3.1 form=1,... moandlngNmresp.lgng;l.
Assume that lim G, (3, 0;) = fm(s) and im F, 5 1,(5,05) = finp(s)
j—00 j—00

uniformly in |s — (1 — (4k)™Y)| < r. Under the further conditions that
max |fmp(s)] >0

for m=1,... my.

»

m,b,|s|<r
and .
fm(s) = Hg NT " fmp(5) for|s| <
b=1 fmb(s)
we have:
For any ¢ > 0 there is a set B. C R such that for all m =1,... ,myg

and all t € B,

max  |Gp(s+it) — f(s)] <€
ls—(1—g5)<r—e

and

B T
lim inf vol(B: 0 (0, 7))

m 1] T > 0.

Proof: (of Lemma 3.1)
Notation: Dk, ={seCl|s—(1—- k)™ <r}
1£ ()l 2= max |f(s)].

kz,r

Basically we follow the proof of Voronin [14, p.256]:
Fi a1, (s,0) depends continuously on the finite vector (6,)pens;. There-
fore there exists for all € > 0 a d(e) > 0 such that

||E,Mj (870(1)) - E,Mj (87 9(2))”7‘ S €
if |65 — 057 < 6 for all p € M;.

According to the conditions of the Lemma we have for j € N large
enough and all [:

||Fl,Mj (870]') - fl(s)Hr <€

Therefore |0, — 0, ;| < d = d(j,€) for all p € M; implies:
19



1E1,0;(s5,0) = fi(s)]]r < 2€

If 6(r) := %(log(p))pepﬁ € R, then by the definition of Fj (s, #)
we have the equality F (s,0(7)) = Fim(s +47,0). The symbol 0 in
Fy m(s +47,0) denotes the zero in the space RF.

Hence if we have for all p € M;

1
|T(;i7rp —0;p mod Z| <, (1)
then
| Fiar; (5 +i7,0) — fi(s)]]» < 2e. (2)

Let Ay be the set of all 7 satisfying (1) and Tj > 1.

1 - : .
Set B := T / / Z |Fi(s + it) — Fy (s + i, 0) dodtdr

=1
AsN[To,T] D, »

Set @ :=P N (0, 2], with z > p for all p € M;. Then

B <2(S; 4+ Ss)
with

1 n
Sy = T / / Z |Flo(s 4 i,0) — Fiu, (s + iT, 0)[*dodtdr
AsN[To,T) Dy =1

and

1 n
Sy 1= T / / Z |Fy(s +iT) — Fio(s + i7,0)|*dodtdr.
As[To,7] Dy 1=1

To estimate Sy notice, that
[Fiq(s +17,0) — Fia, (s +17,0)| = [Fiq(s, 0(7)) — Fi, (s, 0(7))]

Since the numbers log(p),p € P are linearly independent over Q, the
curve y(7) := 3-(log(p))2<p<. is uniformly distributed mod Z.
(Theorem 2.14).
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For fixed z and M; the family of functions {g,}ep,

9:(0) == |Fi,(5,0) — Fiar, (s, 0) [

is uniformly bounded and equicontinuous in (f,),<., and it depends
only on (6,)p,<, mod Z.

Therefore because of Theorem 2.16

.1
fim = [ V(s 0(7)) = Fia (s, 7)) P
Agﬂ(To,T)

:/ Fro(s,0) — Fia, (5, 0)[2d0,
D

uniformly in s € Dy,. We have
D= {(0p)p<: |Vp € M; :10,—0;, modZ|<dandVp<z:0<6, <1}

Because of F (s, 0) = Fi (s, 0) Fi g\ (5,0) and equation (2) we have

/D Fuo(s, 0(r)) — Fiag, (s, 6(r)) [2d6

< (wax||fill +20)° [ [Frgyu (s,6) — 1t
D

The functions Fj g\ (s,6) — 1 do not depend on the variables 6, for
p€ M. So (do:= [[db, do:= T[] db,andds" = [] db,)

5?5 PEQ\M; peM;
/ Frou, (5,6) — 126

D

IN

[ O] R0 - 1pa)a

Dﬁ(ap)peMj VpeQ\Mj50§9p§1
< vol(D) / Figu, (,0) — 11d6.
Vpe@\nm;:0<0p<1

21



Since Fjou,(s,0) = I fip(p* exp(—2mib,)) we get

PEQ\M;
Frou(s,0) = 1= bu(0)m~
m>1
where b,,(0) = ] a;?f(m))e*%i"ﬂm)ep and so
PEQ\M;
|Flo\u (5, 0) —1]* = Z|b m2Re) 4 Z by, (0 (O)ymi*my*°.
m>1 mi#ms

Both series are absolutely convergent. Therefore the integration may
be done term by term. Since the values of the b,,(#) depend on 6, the
integral over the second series is zero. The first series is independent
of #. Therefore

|[Foua, (5,6) = 17d60" =Y [byn['m~2C
Ve, 0<0,<1 m>1

with |b,]? = ] |a(t}f’(m))|2. For an arbitrary small ¢, > 0 one has
PEQ\M;
6™ |2 < ¢(e;)m** because of the conditions on a,4; in the Lemma.

Set n = 2r + ﬁ — 1. Then n < 0 since r < ﬁ and £ > 1. Choose
numbers ¢ > 0 and §; > 0 such that e :== ¢, +d; + 7 < 0. If M;
contains all primes smaller than y;, then

Z |b 72Res

m>1

0(61) Z m61—2+%+2r

m>y;

— L 11—
— 0(61) § me 1+(51+2k+27‘m 1-41

m>y;

c(er) Z me2m (1101

m>y;

c(en)C(1 +01)y;?

IN

IN

IN

We have
D I Pm ) < ) C(1 + 61y

m>1
22



Then (0; and €, are fixed):
S, < n(mlax I fill» + 2€)?vol(D)c(ey)¢ (1 + (51)y;2.

We choose a fixed j large enough (the choice of €, and d; depends only
on r and k) such that

1
An(max [|fillr + 2)e(e)C(1 4 01) 5 < y;

This is possible since U;; M; = P and M; C M;,, and because we may
choose § sufficiently small such that ¢ = €(4,7) < 1 in max Il fill- + 2e.

Then
S; < 1/4 vol(D)ée .

From now on j is fixed, thus also vol(D). Now we estimate S:

1 n
S, = = / / Z |Fi(s + i) — Fro(s + i7,0)|*dodtdr
=1

A(SQ[TOyT} Dka’ B

Dk,r

To cancel the pole at s = 1 we multiply by ¢(s) = 1 — 2175, This

function has a simple zero at s = 1. We get for 1 — &= < Re(s) <

1 2k
1—E+7’<1

"1
> / Fi(s +i7) — Fro(s + ir, 0)Pdrdodt.

=1 A(gﬁ[To,T]

0 < a(r) < |¢(s)] < ¢(r) for some numbers a(r), c(r) € R.

This implies for s € D, j:

T
7 [ 166+ inEiGs + i) = (s + i) Fig(s + ir,0) Par
7

T
1
< C(T)T / |Fi(s +i1) — Fi (s + i, 0)|2d7.
‘T

T
Since £ [ |Fj(o + it)[*dt is bounded for o € (a, 1) with
=T
fixed a > 1 — ﬁ and T' € R", the same applies to the function
d(s+im)Fi(s +i1) — ¢(s + i1)Fl (s + i7,0).
23



So we can apply Theorem 2.11 to get:

o0

T
. 1 . . . . 2 _ 2, —2Re(s)
Tll_I{looﬁ/|¢(8+ZT)Fl(8—|—ZT)—Q5(8+ZT)FLQ(S—HT, 0)|°dr = E lem|*m :

_r m=1

o0

where > ¢,m™* (Re(s) > 1) is the Dirichlet series of
m=1
¢(s)(Fi(s) = Fiq(s,0)).

Therefore we have for z and T' > T'(z) sufficiently large (remember
Q=PnN(0,2] and z > y; )

T
1 1
= / Fi(s +i7) — Figls + i, 0)/%dr < -vol(D)e",
-T
since in this case ¢, = 0 for all m with prime divisors less than z. Then

1 - . .
S, = 7 / /Z|Fl(8+27)—Fl,Q(s+W,0)|2dadth
As[To,1] Dy =1
1
< 2 / gvol(D)e2dodt

Dkz,r
1 2
< Zvol(D)e :
This gives (B < 2(5; + 55)) for large T and z

B= % / / Z |Fi(s+i7) — Fiu, (s +i7, 0)|*dodtdr < vol(D)e’.
AsO[To.T] Dy,p =1
Remember that
D={(6,)p<: |V € M, :10,—0;, modZ|<dandVp<z:0<80,<1}
and
A= {r | 2P g, mod z| <4},

where § depends only on € and j. We get because of Theorem 2.14

lim vol(As N [Ty, T1)

Jim = = vol(D) = (20)"Mi > 0, (3)
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Then for every T sufficiently large there is a set Y C As N [Tp, 7] with
vol(Y) > tvol(D)T and for all 7 € Y

/ > |Fi(s +it) = Fiag (s +i7,0)Pdodt < 2¢°.

=1
Dk,r !

To see this define Y := {7 | |g(7)| < 2¢*} N As N [Tp, T] with

g(7) = [ Y |F(s+ir)—F p, (s+i7,0)|?dodt. Denote its complement
Dk},T l:1

in A; N [Ty, T] by Y¢. Then

2¢2v0l(Y) 1 1
2eoolYt) L[ mar < —/ g(P)]dr < vol(D)e.
T T Ye T AsN[To,T|

Therefore
2vol(A5 N [Ty, T]) — vol(Y)
T
and with equation (3) we conclude vol(Y) > tvol(D)T for large T.
Because of the definition of A5 we have ||Fy (s +i7,0) — fi(s)]], < 2e.
This gives

< vol(D)

( / (s + im) — fils)]Pdodt)/? < 4e.

Dk,r

As both functions F; and f; are holomorphic in the interior of Dy, for
s = o + it, continuous on the border of Dy, and e is arbitrary, the
Lemma follows from Theorem 2.9.

O

Recall the definition of Ly(s, x,#) and L,(s, x, ) at the beginning of
this chapter.

LEMMA 3.2. Let x1,...,Xn be linearly independent non-Abelian char-
acters of G := G(K/Q), where K is a finite normal algebraic extension
of Q. Let k:=#G and 0 <r < ﬁ.

Suppose that fi(s), ..., fu(s) are analytic for |s| < r and continuous
for |s| < r and not zero on the disc |s| < r. Then for every pair € > 0
and y € R there exists a finite set of primes M containing all primes
smaller than y and 6 € R® such that:

max max Ly (s +1 —

max ma E’Xj’g) — fi(s)| <e.
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Proof:
Choose v > 1 such that v*r < ﬁ and

Vi max|fi(s) - Fi(s/7)] < e/2.
Because f;(s) # 0 we can write

fj(%) = exp(g;(s)) for some g;(s) analytic in |s| < 7*r.
Hence it is sufficient to prove the Lemma for the logarithms of the
functions.

Remember that the Euler-factors (all but finitely many) of Artin L-
series L(s, x;) are defined by 1/det(Ey; — p;(o,)p~*), where o, is one
of the conjugate Frobenius-Automorphisms over p € P and

pj : G — GL;, (C) is a representation of G' with x;(o) = trace(p;j(0))
for o € G.

For the Euler-factors of Ly/(s', x;,6) we get:

trace(p;(oy)) exp(—2mif Cms
long(Sl,Xj,Q) _ ( J( p)) ( p) + Z (D

p*
m>2

The first term is equal to Xf(”f’)e;‘;’,(‘?”op’. Therefore

(—2miby)

log Ly (s, x;,0 Z Xl Up = + Z Z A pp” "

pEM pEM m>2

The second term is a uniformly and absolutely convergent series for all
primes in @, since its coefficients are dominated by the coefficients of
x;j(1)log((s) as remarked on page 9.

We define a real Hilbert space ’H%R) of vectors of functions holomorphic
on the disc |s| < R. The scalar product is (always R’ < R)

(s () = i Re [ S G Gdo

sl<r 71

The functions h; and f;, j = 1,...n are holomorphic in |s| < R and
satisfy (setting g := h; or g := f;),

li 2dodt :

Jim [ Jg()dodt < o

[s|<R'
This Hilbert space is n times the product of the Hilbert space Hy (Def.
5, p.13).
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Set R:=r (v > 1) and n,(s) := (Xj(gp)e);f,(_%wp))?:l, where
s’ =s+1— 4 with [s| < R.
Denote the different conjugacy classes of the group G by C4,... ,Cy.

Obviously n < N, since N is the dimension of the vector space of class
functions on G.

Denote the different prime classes by P; := {p | 0, € C}}.

To define 0: In the natural order of each set I’; C Z denote the primes
p € P; by pj; such that p;; <pj2 <pjz... <pji <Pjis1 <....

Set 0., = L Thereby 0, is defined for all but finitely many primes

4
p € P. For the primes ramified in K set ), := 0.

We will use Theorem 2.6 on conditionally convergent series in real
Hilbert spaces.

We only need to show that the series n,,p € P fulfills the conditions of
this Theorem:

Z In,])? < C’Zpﬁ’ﬂm < oo with C' = nr?glx{xj(lf}.

peP peP

(obviously 5= —2+4 2R < —1)
For e (as in Theorem 2.6) we can choose any ¢(s) € HE with ||¢|| =

(o, ) ? = 1.
Now we have to show that

> (o)

peP

is conditionally convergent, or equivalently:
lim (1,, ¢) = 0 and there exist two sets of primes P, and P_ such that
p—00

va]P’Jr . <np7 S0> > 07 Z <77pa S0> = oo, and
pelP 4

va]P_ : <77p7 90> <0, Z <77p7 90> = —00.

peP _
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We compute:

(Mpyp) = lim Re / an,j(S)mdadt

R'—R -
sl<rr 771
n _
= Wl / > Xilop)e™ e p™ ;i (s)dodt
sl<r I=
— P},iLnRRe(e’zmap / —(s+1- ZXJ 0,)p;(s))dodt).
|s|<R
It follows that
Jim [{p, )] = 0.

Since the characters x; are linearly independent and ¢ # 0, there is a

conjugacy class C) in G such that ¢y(s) := Z xi(0)pi(s) # 0 for all
OPGCl

As the functions ¢, are holomorphic in the disc |s| < R, we have

o
= E 8™
m=0

For p € C) we get

: —27 1
(M, ) = lelglRRe(e 2w, / exp ( —log(p)(s+ 1 — E))goo(s)dadt

ls|<R!

= Re(e>" A(logp)).

Here A(z) := lim [ exp(—a(s+1— 1)) po(s)dodt.

H%RH<H

Therefore
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A(z) = exp(—a(l- i)) lim exp(—xs)po(s)dodt

4k’ R'>R

[s|<R

. )" (x RE)™
= — (1 -
R e (=51 mz:: (m+ 1)!
We have
2 9 |am|2R2m
lpol® = lim, \po|*dodt = R ZT—H
| ‘<R’ =

Using the continuous linear mapping L((f;)}-;) := Z x;(C)) f; we get

leoll* = IL(L)I* < NLIPllel® = [IL]* < oo
This gives:

|am|2R2m
TR’ Z = [lpoll* < LI

Setting S, = (—1)"R"™@,,/(m + 1) we get > |Bn.]* < ||L||?/(7R?),
m=0

which gives us an upper bound for all |3,,|.
Set

ﬁmm
Z :

F(u) is an entire function and F' # 0 since ¢y # 0. For any 6 > 0 there
is a sequence of positive real numbers with u,, — oo such that

|F(uy)| > exp (= (L4 26)u,).

This is a consequence of Corollary 2.2. We have
A(z) =7R?exp (— z(1 — &) F(zR). Set z,, := u,/R. Then

A(ra)] > exp (= (1= G))
for oy > 0 sufficiently small and x,, sufficiently large.
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As a consequence we find subintervals I, of [z, — 1, x, + 1] of length

greater than 5 in which one of the inequalities
o—(1=00)z
|ReA(x)] > —00 " (4)
o~ (1=do)z
|[ImA(x)] > 500 (5)
holds.

To prove this we approximate A by polynomials. Set N := [z,] + 1.
Let B be an upper bound for the |3,,|. This gives |F(zR)| < Be*f.
For z € [z, — 1,x, + 1] we have (remember R < v?*r < 1/4k)

B %(m)ml < B Z m, ™ < B @jjg! Z%(m)m

m=N?2 ) m=N?2 m=0
N2 N N » y eN?+N s
< BNz!e SB(NQ/e) e SBNNZ <e

if x,, is sufficiently large.
For z € [z, — 1,2, + 1] we also have ((1— &) <1).

N2=m

Hence F(zR) = Pi(z) + O(e™®™) and exp (—(1 — #)z) = Py(z) +
O(e ?*~), where P, and P, are polynomials of degree N?—1. This gives
A(z) = Py(x) + O(e ) for all N = [z,] + 1 and z € [z, — 1,2, + 1],
where P,(x) is a polynomial of degree less than N*.

Thus we also have ReA(z) = Re(P,(z)) + O(e **) and ImA(z) =
Im(P,(z))+O(e *). However if z € R, then Re(P,(z)) and Im(P,(x))
are polynomials with real coefficients.

We may suppose that either |ReA(w,)| > Lexp( — (1 — dp)zy,) or
[ ImA(z,)] > S exp (— (1 —do)zy), since |A(z,)| > exp (— (1= dp)zn).

Suppose that [ReA(z,)| > £ exp (—(1—8)z,). Denote the polynomial
Re(P,(z)) again by P,(z). Since |ReA(z,)] > 1exp (— (1 —dp)z,) we
have le~(1=00)en <P (z,)| for large n. Set a := max), <1 |Po(x)].
Then there exists a £ € [z, — 1,2, + 1] such that a = |P,(§)|. There
exists a k € (&, ) or k € (z,€) such that

|P,(&§) — Po(x)| = |P)(k)(x — )| Set 7 := N®|¢ — z|. Then because of
Theorem 2.8 we have |P,(¢) — P,(x)| < 7a. If 7 <1/2 then
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11— P" | < 1/2, therefore |B,(z)| > § > |P”(2“7")‘ > te (1=do)zn for all
x Wlth |x — &] < 5. It follows that
1 1 1
ReA > —(1=do)zn —(1—=do)x > —(1=60)z
[eA()l = T = T6e2° = 300°

for large n and |z — £| < 53=.

The same argumentation applies to ImA(zx) if
[ ImA(x,)] > 5 exp (— (1 — do)zn).

In the natural order of the set P, we have for p, € P, and p; < ps <
. < pr < ... that 6, = r/4 by the definition of #. Thus we get
e 2™ = (—4)". Therefore

(Np,» ) = Re((—i)"A(log(pr))).

One of the inequalities (4), (5) is satisfied infinitely often. Consider the
interval I, [a « + (] such that on I, one of the inequalities
|[Im(A ( ))| > e~ (170)7 or |Re(A(z))| > 525e7117%)% holds and

BZ 2:1:%'

According to Theorem 2.5 the number of primes p € P, for which
logp € I, is (hy := #C)):

et
h dt 1/2
a-l—,BO o a — i +0 a+8 _—aal/
T, Cy) — 7 (e, C1) v Togi (e*tPe )
ea
hy e —1 ef
> —e® + 0 =) ).
- k (a _|_ /8 (eaal/z)
B B
Since 2 > 3 > 2.8’ we get e/ —1 > o 8 and +ﬂ > wné > 2$%i4wg.
Next efm < = ‘f — and e® > e® /e. Thus for x,, sufficiently large we
ea e n
get
a+p Py €*
(e C)) — (e, Cy) > g

The number of primes p with logp € I,, and exp(—?m’ﬁp) =
exp(—27if,) = —1,exp(—27if,) = i, or exp(—2mwib,) = —i is there-

h; e®n

fore greater than T o

Therefore
> (1p, ) > cre’n/?

pEPlog p€ln
Ree27p A@og p))>0
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for some positive constant ¢;. The same holds for a subset of primes
with Re(e 2% A(log p)) < 0. The sum is less than —c;e%¥/2,
As x,, — oo the corresponding series diverge to 400 and —oo.

The rest of the proof is a consequence of Corollary 2.3:
R/y =r < R. According to Theorem 2.6 we can order P such that we

get a sequence of finite subsets M, C P with M, C M,+1, U M, =P
neN
and uniformly in [s| <r lim log Ly, (2, x;,0) = g;(s) for z = s+1— ;.
n—00

Therefore

|fj(s)—LM(s+1—ﬁ,Xj,9)| < 1fi(8)=fi(s/7)|+1e%) L (2, x5, 0)| < e

for some n € N sufficiently large, |s| < r and M := M,. Because of

U M, = P we may choose n € N such that all primes less than a given
neN
y € R, are contained in P. O

REMARK 3.1. In the preceeding Lemma we may replace the set P by
P\ {p1,...,pa}, where pi,... ,pqg are primes. The set M may be re-
placed by a finite set of primes M C P\ {p1,...,ps} containing all
primes smaller than y. Also we may replace for a finite number of
primes the factors Ly (s, x) by different Euler-factors satisfying the con-
ditions of Lemma 3.1 and its Corollary 3.1.

The proof of the Remark is obvious because of the proof of the Lemma,
since it was proved that the series 7, is conditionally convergent and
this persists if we only change a finite number of the 7,.
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CHAPTER 4

A Mean Value Theorem

THEOREM 4.1. Assume that a Dirichlet series Y a,n™* satisfies

n=1
a, = O(n°) for every e > 0. Suppose that this series converges for

Re(s) > 1 absolutely and can be analytically continued to the complex
plane and has no pole except a simple pole at s = 1. Denote this
function by f(s). Suppose further that |f(s)]* = O(|t|M) for some
M = M(ap,by) € R and s = 0 + it where |t| > 1 and o € [ag, by] with
ag,bg € R and ay < 0, by > 1. Then

T

%/U@+th
1

is bounded for every s with Re(s) > max{1—g7,1/2}. We can choose
M =int{m : [f(s)P = O(Jt]")}.

Proof: Obviously there is a £ > 0 such that
. T
T/uwwm%:oaq
-T

(take for example & := M).
Set p:=1inf{M : |f(s)]* = O(|t|")}.

Using Lemma 2.1, we get for Re(s) > 1, (0 > 0,¢> 1,¢ > o)

c+ioco
0 +

On _5n _ 1 s—w
Zﬁe =5 F(w —s)f(w)é* “dw.
n=1 c—100

Because of the condition a, = O.(n¢) the series on the left side of the
equation is absolutely convergent for all Re(s) > 0 and therefore it is
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a holomorphic function in this plane. Using Stirling’s formula on the
I-function we get [I'(s)| < Cloy|t]” /% exp(—Z|t]), where s = o + it
and o € [a, b] for every interval [a, b].
Therefore and because of |f(s)|? = O(|t|) the function

c+ioo
= f ['(w — s)f(w)d*“dw is an analytic function for all ¢ > 0 and

by > Re(s) > 0. If 0 > a > 0 — 1, we have

c+100
1 S—w _
- ' F(w —s)f(w)d* Ydw =
1 a+100
5 I'(w —s)f(w)d* “dw + f(s) + Resy1I'(w — s) f(w)d* ™
m

because of the Residue Theorem. Set B := Res,_; f(s). Then we find
for f the expression

00 a-+100

f(s):Z%e‘S"—% C(w — 8) f(w)6*"dw — BD(1 — 5)5°,
n=1

Q—100

where Re(s) > 1/2, 0 >a >0 — 1.

00 a+1i00
Set Zy 1= %67671 and Zy := ﬁ f C(w — s)f(w)d* “dw.
n=1 a—i00

We have Z3 := BI(1 — 5)6°~! = O(|t|'=7~Y/2¢2l1l§7=1). This implies
BU(1 —5)6*"t =0(6°te 2 if t| > Tand 1/2 < 0 < 1.

For z,y € C we have |z + y|* < 2(|z|? + |y|?), therefore

|20+ Zo + Zs|* S A(| 21 + | 22 + | Z5[).

If o > a > 1/2, then using Lemma 2.2, we get

T
oo (m+n)é
7 Zdt — T |am —2(5m |am||a"|e
[l = 0wy Saeen o 2 e ogtm/)
T/2 m=

= 0,(T) +0(5*>)

for some small € > 0 (since a, = O(nf)).

Set w := « + 7v. We obtain
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50’ [e4
|ZQ| < /|F —8 |d’U

5004 1/2
< /|r —3|dv/|F w— s) )|dv> .

Since the first integral is just an integral over the [-function, it is
bounded. Assume T > [¢| (recall that s = o+it). Set Iy := (—o0, 2T |U
(2T, 00):

/|F w — s)f*(w)|dv = (/e_%|”_t||v—t|_1/2|v|Mdv> :O(e—gT)_

It

Hence

/T|Z2|2dt - (520 20l FO(e737) + g2 / | f(w (/T|F(w—s)|dt)dv>

T/2 —or T/2
2T
_ 0(520—204) +O<520—2a / |f(w)|2dv> _ 0(520—20¢T1+M).
9T

For Z3 we get

/|Z3| it = ( /Texp(——|t|)dt> 0527 ).
T/2

T/2

This gives (M = p +€):

[ 1)t = 0u(2) + 0(522274) 4 O 2T +4) 4 0(3e ).

T/2

Set § := T~ 2 with 7 = EJ_FZ Then v > 0 and 0 > 0 is well defined.
a,1/2} we get
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§20=2=¢ = O(T), 6*°=2 = O(T) and §* 22T 1+ = O(T).
Taking the limits o — 0 and € — 0, we get

JALCREXY

T/2

1
for ¢ > max{1 — 47, a}.

T T/2 /4
Adding up [ |f(s)|*dt+ [ [f(s)]Pdt+ [ |f(s)]Pdt+ ... gives
/2 /4 /8
T 1
[ 1f(s)]?dt = O,(T) and analogously [ |f(s)[?dt = O,(T') for the fixed
1 -7
a>1/2.

Since a > 1/2 can be chosen arbitrary, we have
Re(s) > max{l — - 1/2} as a sufficient condition for

p+1?
T
L [ |f(s + it)|?dt to be bounded. .
-T

REMARK 4.1. For Hecke L-series over a field £ with Q C £ C K, where
K is a finite normal extension of QQ, the conditions of Theorem 4.1 are
satisfied with M = [K : Q).

Proof: Denote the Dirichlet-coefficients of the Hecke-L-series L(s, x) by
a,(x) and the Dirichlet coefficients of the Dedekind Zeta-function ((s)
by a,. Then we have |a,(x)| < a,, where a,, is the number of ideals of
norm 7 in the ring of integers of k. Therefore we have |a,| = O (n)
22, p.152).

Every Hecke L-series satisfies a functional equation.

A(s,x) :== C°T (&0 (2) =D (s)2 L(s, x),

where r; is the number of real embeddings of k, ry the number of com-
plex embeddings of k, a is the number of infinite places of the conductor
of x and C' € R*? is a constant. Then r;+2r, = [k : Q] < [K : Q. We
have A(s,x) = WA(L — s, x), where W is a root of unity. L(s, x) is a
holomorphic function for all s € Cif L(s, x) # Ce(s). If L(s, x) = C(s)
there is a simple pole at s = 1.

According to a Theorem of Lavrik [19, (p.133: Lemma 2.1)] we have:
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A(s, x) = s(l—c—s) + Z_:l(anf(%,s) + def(%, 1 —s)), where ¢ is a con-

stant for (; and zero in all other cases.
d+ioco

We have f(z,s) = 5= [ a*D(Z2)T(
0—100

and 0 > max{Re(s),0}. If we take ¢ > max{Re(s) + 1,0}, then
9 7 3 a it\|ri—a )|
£l s)| < £ IT(EEEL) 0] (55 0| (6 + it) "t = Csa.

)l (2)? 22 where § € R

z
2

This means for Re(s) € [—1,2] that for some constant C§ and § > 3

we have [A(s, X)| < C52 3 fan(x)|5s-
neN
Therefore [A(s, x)| < 20*C}((4). The same holds for ¢ if we sup-

pose that |Im(s)| is large enough, such that we can ignore s Be-
cause of the well known properties of the I'-function we therefore get
L(s,x) = O(exp(A|t]) and (x(s) = O(exp(AJt|) for every fixed strip
Re(s) € [a,b], Im(s) =t and some A € R”". To apply the Phragmen-
Lindeldf-principle 2.12, we must show that L(s,x) = O([t|*) on the
borders Re(s) = —e and Re(s) = 1+ € for large ¢t = I'm(s) and every
fixed small ¢ > 0. This would imply that L(s,x) = O(|t|M) for all
Re(s) € [—€,1 4+ €| and [Im(s)| = |t| > 1.

The series L(s, x) and (j(s) converge absolutely for all s with Re(s) =
1+ € and we have |L(s, x)| < (x(1 +€) and |Ce(s)] < (1 +¢€). This is
an absolute constant independent of Im(s) = t. Using the functional
equation we find that |L(s, x)| = Oc(g(|t])) and |¢x(s)| = Oc(g(]t])) for
s with Re(s) = —e, where

g(|t|) _ |F(1—s+1 al—\(;s)rlfal—\(l _ 8)T2|.

Stirling’s formula gives |['(s)| = O(|t|”~'/? exp(—Z]t|)), where the con-
stant in the big O depends only on the interval o € [a, b] with s = o+it.
Therefore g(|t]) = O(jt|™ 2" [t]20-22) = O(|t|-22)%W/2) follows.

We have Re(s) = —e. Thus we get in the strip o € [—¢,1 + ¢
L(s,x) = O([t|™) and ¢i(s) = O(|t|M) with M, = (1 + 2¢)EL. The
infimum is obviously [k : Q]/2. O
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CHAPTER 5

Main Theorem

We prove the following statement on Artin L-functions over Q:

THEOREM 5.1. Let K be a finite Galois-extension of Q and x1,... ,Xn
linearly independent characters of the group G := G(K/Q). Let k =
#G and fi(s), ..., fu(s) be holomorphic functions on |s| < r and con-
tinuous on |s| < r, where r is a fired number with 0 < r < ﬁ. Further

suppose fi(s) #0 on |s| <.

Then for every € > 0 there is a set Ac C R such that
A T

lim inf vol(4.1 (0, 7))

T—>00 T

>0
and for j=1,...,n

1 .
vtEAEVMST . | (5 + 1-— E +7't7X]7K/Q) - f](5)| < €,

where L(z, x;, K/Q) denotes the Artin L-function corresponding to the
non-Abelian character x;.

Proof: The Theorem 2.3 of Brauer states that every character is a finite
linear combination y = angol Zmlwl, where ¢}, and ¢ are in-

duced from characters ¢y, z/)l of degree 1of subgroups of G. Aooordmg to
Theorem 2.4 we get that L(z, x, K/Q) = H L(z, ¢ ”l/ H Lz, )™,

where the series L(z, ;) and L(z,1;) are Hecke L-series over number
fields contained in K. These are entire functions with the only excep-
tion of the Dedekind (-functions which have a simple pole at z = 1.
Therefore one of the Conditions of Lemma 3.1 is satisfied by Remark 4.1:

The mean values & f | f(o +it)|*dt are bounded even for o > 1 — 5,

where k = [K : Q] and f(z)is a Hecke L function of a number field con-
tained in K. Obviously 1 — k—+1 < 1— 5=. For the Dirichlet-coefficients
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an(x) of Hecke L-functions we have: |a,(x)| = Oc(nf).
We have to show that the conditions in Corollary 3.1 are fulfilled.

We notice Theorem 2.4 and its Remark. If the characters xi,...,xn
are not yet a basis of the class functions of GG, then add some more char-
acters (for example from the set of irreducible characters of G). Choose
additional holomorphic functions f;, for example constants # 0, which
then satisfy the conditions of Lemma 3.2.

As we now have a basis of class functions, every character xj,; can
be expressed as a linear combination of this basis.

Choose v > 1 such that 7*r < 4 and max|f]( ) — [i(53)] < €/2 for

j=1,... ,n. Apply Lemma 3.2 for the functlons fi(3) and [s] < ry.
Now choose a sequence €, := 1/m, y,, := max M,,_; + 1 (yo := 1),
O = (Omp)per € RY and M,, C P such that Lemma 3.2 with € = ¢,
Yy = ym and M = M,, is satisfied. M,, C M,,,1 is a consequence.

The series expansion of the logarithm gives

1
L 1——,0,,
Mm(S - 4k XJ)
—27i0
X ( mop B i
Z ’ s+1—E + Z a’P(Xja gma K)p Aot 4k).
pEMm peMm7K22

Then because of lim Ly, (s +1— 4z,0m, xj) = fi(53) uniformly in

m— 00

|s| <7y and f;(5) # 0, we get for the logarithms of these functions:

—27i0m.p

: X ( (s 1 i
i (5 BT =g,

pEMy, PEMp ,k>2

where the second sum represents an absolutely convergent series for all
pel:

—k(s+1—75 —k(Re(s)+1—%
D 10, O, )p™ TR = Yy () [pTH ) < oo,

pEP,k>2 pEP,K>2

since |a,(x;, £)| < xj(1)ap(1, k) = X]T(l) as remarked on page 9. There-
fore

27ri(9m,p

X;(
lim E J
m—00 S+1——

pPEMm,

converges uniformly in |s| < 7y to an analytic function for every x;.
For every character y := x; we have (Theorem 2.4 and Remark)
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Hl 1LM (8+1 4k70m730l)

:LM (8+1 4k7 m,%)
The last statement uses essentially L, (s, 8, ¢1+¢2) = L,(s, 0, ¢1)L,(s,0, d2),
which is a consequence of the definitions.

1
Ly, (s+1— EJHMJX)

1
lOg (LMm(S + 1- E;ema 30?))

—2710.m,
Qpl ’ —k(s+1—2)
= 2 s+1 + 2 w0 k)p
PEMm, PE M i >2
Since the series ay(©%, O, k)p *5H138) is absolutely convergent,
P 7°? )
peP,k>2
we only have to show the convergence of
—27i0m
80 P
lim E L
m—00 S+1
PEMm
However since ¢j is a class function on G' and xi, ..., xx is a basis of

the class functions we get a linear combination @] = 2521 rix; and
therefore

—270m.p k 27ri0m,p

90 X
lim E L E hm g J
m—00 5+1*@ 7t m—>oo 5+1**

PEMy, Jj=1 pEMm,

converges uniformly in |s| < 7. This proves that

1
lim log Ly, (s+1——,60,,,¢;) and lim logLMm(8+1——,9m,zbl*)

1
m—00 " E’
converge uniformly on |s| < v to some analytic func’mons 97 (52), 9 (53)-
Thus it is clear that the functions Ly, (s +1 — 4k, Oy ©F) and
L, (51— 47, 0m, ¥f) converge to some holomorphic functions f,; (%)
and fy; () with for # 0 and fy(s) # 0 on |s| < r7.
Therefore the conditions in Corollary 3.1 are fulfilled and we find a set
A such that lim infw > 0 and for |s| <ry—¢€/2 and t € A,

T— 00

1
[L(s +1 = o+ it x;, K/Q) — fj(r—;n <e/2.

If € > 0 is chosen sufficiently small, such that r < ry — ¢/2, then for
teA,ls|<randj=1,...,n

L(s+1— = +it, ;. K/Q) — f;(3)] <.

4k
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REMARK 5.1. As in Remark 3.1 we may again replace P by some set

P\ {p1,...,pa} with primes p1,...,pqg. Thus the statement of the last

Theorem remains true if we replace the Artin L-Series by those series,

where the Euler product is just extended over the set P\ {p1,... ,pa}-
d

These Artin L-Series just differ by a a finite product [ Ly, (s, x) from
j=1

the original ones.

We may even change a finite number of Euler-factors to get the same
result.

This follows from Remark 3.1.
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CHAPTER 6

Consequences

1. Artin L-Series

We know from Artin [3, p.122], that there is no multiplicative relation
of the form [[ L(s, x;)% = 1 between the primitive Artin L-series of a

j
normal extension of Q.

THEOREM 6.1. Suppose that for a continuous function f : C¢ — C
and the primitive Artin L-series L(s, x;) there is a relation of the form

f(L(87X1)7 cee ,L(S,Xk)) =0

for all s € C where these Artin L-series are defined.
Then we have f = 0.

Proof: Suppose that f #Z 0. Then there is an open set U C C* such
that f(z) # 0 for all z € U. Because U is open we may find a point
a € Uwitha; #0forj=1,... k. According to Theorem 5.1 there is a
complex number s € C such that |L(s, x;) —a;| < € for every € > 0 and
all j =1,...,k. So we may suppose that the point b € C* with b; :=
L(s,x;) is contained in U, and therefore f(L(s,x1),...,L(s,xx)) # 0,
contradicting the assumption of the Theorem. O

THEOREM 6.2. Let x1,...,Xn be linearly independent characters of the
Galois group of a normal extension K/Q. Then the map
v : R — CM™ D given by

v(t) = (L(a+it, x1), L' (o+it, x1), - - - L) (o+it, x1), .- - ,L(m) (o+it, Xn))

is everywhere dense in C*™ D if 1 — m < o < 1. For a given point

a € CUmY) the set of numbers t € R>? such that ||y(t) — a|| < € for
some fized € > 0 is unbounded.

This is a straight forward generalization of Voronin’s Theorem [14,
p.270] on Dirichlet L-functions.
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Proof: Let (ag(x1),--- s @m(X1),a0(X2)s- - s @m(X2), .-, am(xn)) be any
point in C*™*+Y If one of the ag(x;) is zero, then replace it by some
bo(x;) # 0 with |b0(Xj) — ap(x;)| < € for some small € > 0.
Because of Theorem 2.13 we only need to approximate the polynomials
Py, (5) = ao(x;) + '“(Xf)s +...+ ak,(CX”)sk simultaneously by
L(s+ o0 +it, x;) for approprlate values t € R. This is possible because
of Theorem 5.1. Take r small enough such that p,;(s) # 0 on the disc
|s| < r and such that 1 — Q[KQ] < 0+ Re(s) < 1 for all |s| < r. We
know by Theorem 5.1 that the set A, is unbounded since

i i vol(A N (0,7))

T—00 T

> 0.
|

For general Artin L-functions L(s, ¢, K/k) with normal extension K/k,
Galois group G(K/k) and k # Q we do not get a joint ”universality”
theorem for linearly independent characters like Theorem 5.1. For ex-
ample let & be a quadratic number field with class number divisible
by a prime p > 2 and Hj, its Hilbert class field. Then the irreducible
characters of G(Hy/k) are all of degree one and also Abelian. We may
get L(s, x, Hy/k) = L(s, X, Hy/k) [3, p.122/123].

THEOREM 6.3. Let K/k be an arbitrary normal extension with Galois
group G(K/k) and ¢ an arbitrary character on G(K/k). Let L with
K C L be a normal extension of Q and set k = [L : Q|. r with
0<r< ﬁ is fized. Let f(s) be any function, which is holomorphic on
|s| < r, continuous for |s| < r and f(s) # 0 for |s| < r. Then we get
a set A, C R such that

A T
lim inf vol(4. N (0, 7))

T—>00 T > 0

and
1 )
VieaVisj<r o |L(s +1 — i +it, 0, K/k) — f(s)| <e
for the Artin L-function L(s, ¢, K/k).

Proof: Since L/Q is a normal extension, the same holds for L/k. There-
fore we may use Theorem 2.4 (2). We get L(s, ¢, K/k) = L(s, ¢, L/k).
The group G(L/k) is a subgroup of G(L/Q). Because of Theorem 2.4
(3) we get L(s,¢,L/k) = L(s,¢*,L/Q). Since ¢* is a character of

G(L/Q), we have ¢* = > m;¢p,, where the ¢;, 7 = 1,...,n, are the
7=1

irreducible characters of G(L/Q), m; € Z=" and one m; > 1. Let this

be my, i.e. my > 1. We may apply Theorem 5.1 to L(s, m;¢;, L/Q) for
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those m; with m; # 0. Set fi(s) := f(s) and f;(s) :=1for2 <j <n.
According to Theorem 2.4 (4) we get

L(s,¢,K/k) = [ L(s,m;;, L/Q).
oo

Therefore the last theorem is a consequence of Theorem 5.1 applied to
the Artin L-functions L(s, m;¢;, L/Q) with m; # 0. O

2. Zeros of Zeta-Functions

Davenport and Heilbronn [8] showed that the (-function of an ideal
class of a complex quadratic number field has infinitely many zeros in
the region Re(s) > 1, provided that this number field has class number
greater than 1. Voronin proved that these (-functions have infinitely
many zeros in the strip 1/2 < Re(s) < 1 [14, p.283]. We generalize this
result to arbitrary partial (-functions attached to any class group of an
arbitrary number field, provided that this class group has cardinality
greater than 1.

Suppose that G := I(f)/Hf is a class group of an arbitrary number field
k in the sense of class field theory ([13, I; p.4] or [12, p.63]). I is
the group of fractional ideals of Oy, prime to §. H; C I0 is a subgroup
with conductor f containing the ray of principal ideals

S;={a0; |a € kand o« =1 mod *f}.

We remember the definition of the zeta-function of an ideal class A € G
[12, p.100]:

((s, A) == Z ﬁ, where Re(s) > 1.

acA
aCOy

This function may be continued to the entire complex plane C and has
a simple pole at s = 1. We get for Hecke L-functions with the Abelian
character x of G [12, p.87]

L(s,x) = > x(A)(s, 4),

Aed

where y(A) := x(a) for some a € A. We may extend the sum defining
the Hecke L-function to a sum over all ideals prime to the conductor
of x and, like in the definition of Artin L-series, to all ideals. However

since we wish to use the formula ((s,A) = ﬁ > x(a)L(s, x) with
XEG*
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a € A, we must presuppose that the integral ideals in the classes A are
prime to f.

THEOREM 6.4. Suppose that k is a number field, Oy its ring of inte-
gers. Let Hy be an ideal group with conductor §, and ID the group of
fractional ideals of Oy prime to §. If I(f)/Hf contains more than one
ideal class, then the partial (-function ((s, A) over any of those classes
A € IW/H; has infinitely many zeros in the strip 1/2 < Re(s) < 1.

If T > 0 is sufficiently large, then there is a number ¢ > 0 such that
there are at least ¢T' zeros of ((s,.A) in the region with 1/2 < Re(s) < 1
and |Im(s)| < T.

Proof: From class field theory we know that there is a unique Abelian
extension L of k with Galois group G(L/k) and a unique isomorphism
IW/H; — G(L/k), called the Artin-Isomorphism. Using this iso-
morphism Artin proved that every Abelian Artin L-series is a Hecke
L-series and vice versa [3, p.131, p.171].

So we may proceed by proving our theorem on those Artin L-series
attached to G(L/k). There is a unique normal extension K/Q with
L C K. Every irreducible character x of G(L/k) may be regarded as
a character of G(K/k) by applying the restriction map

o€ G(K/k)— oy, € G(L/K), ie. 0 € G(K/k)— x(o)) € C.
According to Theorem 2.4 (2) we know that L(s, x, K/k) = L(s, x, L/k).
Further G(K/k) C G(K/Q) is a subgroup of G(K/Q). Once again be-
cause of Theorem 2.4 (3) we find L(s,x, K/k) = L(s, x*, K/Q). The
group of all different characters of 10/ Hj are linearly independent, as
well as the characters of G(L/k). The same does not necessarily apply
to the induced characters x* of the group G(K/Q). However we may
prove that the dimension of the subspace spanned by these induced
characters is larger than 1:

Suppose that x # 1 is an irreducible character of G(L/k), that is an ir-
reducible character of G(K/k) if we apply the restriction map. Because
of Theorem 2.2 we know that (X*, l)G(K/Q) = (X, 1|G(K/k))G(K/k) =

(X, I)G(K/k) = 0. The last equation is obvious since x # 1 are both

irreducible characters of G(K/k) (they both have degree 1). If we de-
note the irreducible characters of G(K/Q) by ¢1 := 1, s, ..., ¢p, then

h
for every nontrivial character of G(L/k) we have x* = ) m;¢; with
7j=2

m; € Z=°. For the induced character 1* of the trivial character
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1 € G*(L/k) we get (1*,1) (K/Q) = (1, 1IG(K/’C)) G(K/k) — = (1, 1) G(K/[k) —

1. Therefore we have 1* = ¢, + Z n;¢; with n; € Z=°,
i=2

So we get

h

L(s,1) = L(s, 1", K/Q) = L(s, ¢1, K/Q) [ [ L(s, ¢, K/Q)"

j=2

and for the non-trivial Abelian characters
h
=[] L(s, 65, K/Q™
j=2

Since the irreducible characters ¢; are linearly independent, we may
apply Theorem 5.1 and Remark 5.1 to L(s, ¢, K/Q) and L(s, ¢, K/Q)
with 2 < j < h. Set k := #G(K/Q). We may therefore find for every
e; > 0 a set A, such that for every t € A, and for fixed r < ﬁ
we get [L(s + it +1 — 4,05, K/Q) — 1] < ¢ for all 2 < j < h and

|L(s+it+1— %, 01, K/Q) — (s— > x(a))] < e, if |s] <r. We have
x#1

s — Y x(a) # 0 for |s|] < 1/2 since Y x(a) = —1, if a is not in the
x#1 x#1
principal class of I /H; and 3~ x(a) > 1 if a € H; [12, p.86].
x#1

This gives |L(s +it+1—1,1) — (s — > x(a))| < € and for x # 1
x#1

L(s+it+1— -+ x) —1] <eforall |s| <randall t € A, in some set
A 4K

Take some integral ideal a from the class A. We have ((s, A) =

G EZC:; X( a)L(s, x). Therefore |((s + it +1 — ﬁ,A) - ﬁ| < ¢ for
X
all |s| <r and all t € A, as a result of the preceeding.

Suppose that € < zg . Then

1 S s
Fit+l——A) — | < | s
G+ it 1= o) = 2| < |
on the circle |s| = r. Inside the disc |s| < r there is exactly one zero
of the function s — s. According to Theorem 2.10 we obtain the same

number of zeros for the function ((s+it+1— 2, A) in the disc |s| < r
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and every fixed t € A.. Noting that ¢ := l%m infw > 0 we
—»00

have completed the proof. O

Suppose that a number field £ has class number greater than 1. Its sig-

nature is 71,7y and its degree N := [k : Q|. Denote its discriminant by

Dy, and its different by Dy. Set Z(s, A) := \/ o2x [D(£)"I(s)"2((s, A),

where A is an arbitrary class of the class group of Of. Denote by
A’ the class with the property AA" = ©j in the class group. The
function Z(s,.A) has the following well known functional equation:
Z(s,A) = Z(1 — s, A") [16, p.254]. Because of the preceeding theo-
rem this (-function has zeros in the strip 1 < Re(s) < 1.

3. Dedekind Zeta-Functions and Hecke L-Functions

THEOREM 6.5. Let Ky,..., K, be finite normal extensions of Q with
KiNK; =Q fori#j .
If for a continuous function f(x1,...,x,) the equation

Vseavioy f(Cri(8), -+ 5 (i, (8)) = 0

holds, then
0.

f

Proof: We have according to Corollary 2.1

Cre(s) = C(s) [T L5, 04,

x#1

where the product is taken over all non-trivial irreducible characters of
the Galois group of the normal extension K/Q.

These characters x and the character 1 = idg(k @) are a basis of the
class functions on the group G := G(K/Q).

Let K be the smallest field that contains all Ky,...,K,. K is a fi-
nite normal extension of Q. The corresponding irreducible charac-
ters of G(K;/Q) may be regarded as characters of G(K/Q) by us-
ing the restriction maps 0 € G(K/Q) — ok, € G(K;/Q). Since
G(K/Q) = []; G(K;/Q) is a direct product, they are linearly indepen-
dent. Let a € C" be any point for which f(ay,...,a,) # 0, then there
is an open subset U C C" containing a, on which f(zq,...,2,) # 0
for all z € U. Therefore we may suppose that a; # 0. According
to Theorem 5.1 we find for every ¢ > 0 a value s € C, such that
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mralx ICk; (s) —a;| < e, that is (Cx, (s),...,Ck,(s)) € U for small e. This
]:
completes the proof. O

In general we cannot prove that for different Galois extensions K; of Q
the corresponding Dedekind-(-functions are algebraically independent.
For example let K := Q(&) be the field, where £ is a primitive 8th root
of unity. This extension has 3 different subextensions K; of degree 2
over Q. We find the algebraic relation (x(f = (i, Cx,Crcs-

More generally as (x(s) = ((s) [, L(s, )XW for every normal field
it is clear that if G, := G(K/Q) has more normal subgroups than con-
jugacy classes, then there is a non-trivial algebraic relation between
the corresponding (-functions.

Further algebraic relations are discussed in the article of Richard Brauer
[6].

THEOREM 6.6. Suppose that we have finite normal extensions K;/Q,

7 =1,...,n and the corresponding Dedekind Zeta-functions Cx, do not
satisfy any non-trivial algebraic relation.
Then for every continuous function f(x1,...,x,) on C* the relation

f(Ckyy -, C,) = 0 implies f = 0.

Proof: To prove this, let K be the minimal subfield of C containing
all Ky,...,K,. This field K is a normal extension of Q. We may
regard all the characters as characters of G := G(K/Q) by using the
restriction map o € G(K/Q) — ojx; € G(K;/Q). The kernel of this
homomorphism is a normal subgroup N; <{G. Then for the ¢-functions
we have (g, (s) = ((s) [ ], L(s, )X, where the product is taken over
all characters x with x(z) = x(1) for all z € N;. (Theorem 2.4 (2) and
Corollary 2.1.)

According to Theorem 5.1 we can approximate all values y; # 0,7y, # 0
simultaneously by ((s) and L(s,x) for x # 1 by taking a suitable
se C\ {1}.

To prove the theorem it has to be shown that the same holds for the
Xk, =y L 21,5, ¥x (the index Kj indicates that the product is taken
over the characters x with x(z) = x(1) for all z € N;): i.e., every set of
non-zero values Xk, j = 1,... ,n can be simultaneously approximated.

Taking the logarithms log X, = logy; + Zx#LKj log y, (each sum is
taken over all x with x(z) = x(1) for all z € N;) we get n linear equa-
tions in the variables logy;,logy, for x # 1. The variables X; can be
simultaneously approximated if the right sides of these equations are
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linearly independent.
However if these equations were not linearly independent, then there

would be a relation 0 = ij<logy1 + 2K logyx> with inte-
j=1 ’

gers m; # 0 for some j. This would result in an algebraic relation
[T}, ¢k (5) = 1 between the (x; (s). O

THEOREM 6.7. Let K be a number field, (x the corresponding Dedekind-
(-function. Let f(xq,...,xy) be a continuous function, then the dif-

ferential equation f(Ck,Ch, - - ,(é(m)) = 0 wmplies f = 0.

Proof: Denote by Hg the Hilbert class field of K. Denote the principal

character on G(Hg/K) by 1. Then (x(s) = L(s, 1, Hx/K) because of

Theorem 2.4. Denote by L the normal extension of Hyx over Q. We

know L(s,1,Hx/K) = L(s,1,L/K) = L(s,1*, L/Q) as a consequence

of Theorem 2.4. We have 1* = ) n,¢, where the ¢’s are the irreducible
¢

characters of G(L/Q), ny € Z=" and at least one n, > 1. Denote this
character by ¢y and set ng := ng,. We get

Ck(s) =[] L(s,npo, L/Q).
n¢;é0
If f# 0, then there is an open set U such that f(a) # 0 for all a € U.
We may suppose that ag # 0, since the set is open, and that all points
b with |b; — a;| < e are also in U. Set P(s) := ag + a1s + ...+ 22s™,

We may suppose that P(s) # 0 on a disc |s| < r for some small r since
1

ag #0. Set 0:=1— L3 According to Theorem 5.1 we may find for
every ¢; > 0 numbers ¢t € R, such that |L(s+o+it,ns¢, L/Q)—1] <
and |L(s + o + it, ngpy, L/Q) — P(s)| < €. Therefore for every e; > 0
we find values t € R such that |(x(s+ o +it) — P(s)| < €. For ea > 0
sufficiently small we thus get |§g)(a +it) — aj| < € as a consequence of

Theorem 2.13 for j = 0,...,m. Therefore f(Cx(s'),... ,C%m)(s’)) #0
for this point s’ := o + it. O

This theorem was already proved by Reich [26] by different means. We
may prove the analogous statement for arbitrary Hecke L-functions.
The only difference in the proof is, that we replace the trivial ray
character 1 by an arbitrary ray character y of a general class group
I(f)/Hf and the Hilbert class field Hy is replaced by the class field
attached to this class group I(f)/Hf (13, Lp.9]:
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THEOREM 6.8. Let K be a number field, I(f)/Hf a general class group
in the sense of class field theory [13] and x an Abelian character on
this group. Denote by L(s, x) the corresponding Hecke L-function. If
f(z1, ..., xp) is any continuous function, then the differential equation

f(L(s,%), L'(5,%), ..., L™ (s,x)) =0 implies f = 0.

THEOREM 6.9. Let L(s,x) be a Hecke L-function of a number field K
attached to ray class character x. Suppose that the equation

N
sS"F(L(s,x), L' (5, X), -, L™ (5, ) = 0
k=0
holds for all s € C and fized continuous functions Fj, : C**1 — C.
Then we get F, =0 for k=0,...,N.

Proof: Denote by K, the class field attached to the character x

[7, p.219]. (This is the class field of the ideal group

Hy := {a | x(a) = 1} [12, p.88].) Then we have L(s,x, K,/K) =
L(s, x). The character x may be regarded as a character of G(K, /K)
by using the Artin-Isomorphism. Denote the normal extension of Q,
which contains K, by L. Then because of Theorem 2.4

L(s,x,K,/K) = L(s,x,L/K) = L(s,x", L/Q).
We have x* = > ng¢, where the ¢’s are the irreducible characters of
o

G(L/Q), ng € Z=" and at least one ny # 0. Let this be ng, with the
character ¢g. Set ng := ng,. Then

L(S,X) = L(S,X*,L/Q) = H L(S,TL¢¢,K/Q).

ng#0

Suppose that Fiy # 0. We get an open set U such that |F(a)| > ¢
for some positive constant ¢ > 0 and all « € U. Since this set is
open we may even suppose that the first coordinate of points in U
satisfy ag # 0. Further we may suppose that U is contained in a
compact set. Set P(s) := ag + a1s + ... + %=2s™. We may suppose
that P(s) # 0 for all |s| < r for some small » > 0 since ag # 0. Set
0 :=1— +=. According to Theorem 5.1 we find for every ¢; > 0 a

4L:Q
set A., with lim infw > 0, such that for all t € A,, we have

T— 00
|L(s+o+it, ngpo, L/Q)—P(s)| < € and |L(s+o+it, ng¢, L/Q)—1| < €
for all |s| < r. Then |L(s + o + it,x) — P(s)| < e for some set
A, if we choose €, sufficiently small, and because of Theorem 2.13
LY (o +it, x) —a;| <efor j=0,...,m.
51



Thus we have |Fy(L(c +1it, ), ..., L™ (o +it, x))| > c for small € > 0
and for all ¢ € A., . Then

¢ < |Fx(L(o+it,x),...,L" (0 +it,x))l
N-1
= | (o +it)" VE(L(o+it,x),... . L™ (o +it, x))].

k=0
Since (L(o +it,x),...,L"™ (0 +it,x)) € U is contained in a compact
set, the values of the functions F} are bounded on the set U. However
the set A., is unbounded and we get an infinite sequence of values
t, € A, with t;, - oo. Taking the limit, we get 0 < ¢ < 0 as a
contradiction.
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Symbols

Z rational integers

720 rational integers > 0

r €v mod Z page 15

|z —xy mod Z| < € page 15

Q rational numbers

P rational primes

R real numbers

R* real numbers > 0

R” functions 6 : P — R

e R (6p)per

[a] greatest integer such that [a] < «
{a} {a} :=a—]o]

C complex numbers

#M cardinality of a finite set M

Ye the complement of a set Y C M
M\Y {reM|z¢Y}

(a, b a,b € R, interval a <z < b

k, K algebraic number fields

Ok ring of integers of the number field &
H, Hilbert class field of &

K, ray class field of the ray character x [7, p.219]
G(K/k) Galois group of K/k

K : k] degree of K relative to k
Trace(a) trace of the algebraic number «
N(«) norm of the algebraic number «
N(a) norm of the ideal a

Im group of fractional ideals prime to f
Sj ray mod f§

H; ideal group with conductor f

(B, K/k) Frobenius Automorphism

Op Frobenius Automorphism

x* induced character of x

fiu map f restricted to U
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L(s, x)
LM(Sa X 9)
GLi(C)
det(A)

E

Uv<aG

L2 (CL, b)
Ress—s, f(5)
vp(d)

scalar product of the class functions ¢, ¢

Landau symbol

real part of 2 € C

imaginary part of z € C

Lesbegue-measure of a set

Hilbert space

scalar product of z,y € H

norm of a vector

for a scalar product: ||z|| = \/(x, x)

= supj, |1 | L(z)]| for continuous linear operator L
Artin L-function of the non-Abelian character ¢
Dedekind Zeta-function of the number field &
Hecke L-function for ray characters x or

= L(s, x, K/Q) for non-Abelian character x of G(K/Q)
finite Euler-product, Def. 6, p.17

general linear group of k£ x k matrices
determinant of a matrix A

unit matrix

U is a normal subgroup of G

space of square integrable functions with support in (a, b)
residue of the function f at s = s

p-valuation of d for p € P
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