ON THE NUMBER OF POINTS OF SOME KUMMER CURVES
OVER FINITE FIELDS

FLORIN NICOLAE

Let [ be a prime number and let k = F; be a finite field of characteristic p # [
with ¢ = p/ elements. Let n > 1. The curve

Cp:yl = x(zln -1)

is smooth of genus g, = LH) = M over k. Let F, /k be the function field of

Chn, let Pr_ denote the set of places, and let DivF,, denote the group of divisors of
F,/k. The absolute norm 9(P) of a place P € Pg, is the cardinality of its residue
class field. It holds M(P) = ¢¥°8¥, with a natural number degP > 1, the degree
of B. The Zeta function of the curve C), is a meromorphic function in the complex
plane, defined for Res > 1 by

1 1
Ccn (S) = H T 1 Z m(m)s :

PePp, 1- N(P)°  AEDivF,, A>0

Denoting for m > 0 by A,, the number of positive divisors of degree m it holds

S Am
CC"’ (S) = Z qms :

m=0

The power series
o0
=
m=0
and represents a rational function
Le, ()
fEDEETa)
where Lc, (t) = ¢"t%9" + ... + 1 is a polynomial with coefficients in Z of degree

2gn. For r > 1 let N, be the number of F,--rational points of the projective closure
of C,,. Since the plane curve C,, has only one point (0 : 1: 0) at infinity, it holds

Ni=N+1

is convergent for [t| < ¢7!

Zc, (t) =

where N is the number of solutions (z,y) in k of the equation
Yl = x(zln —1).
Let | X| denote the number of elements of a finite set X.
Lemma 1. If B(z) € k[z] is a polynomial with a simple root x1 € k:
B(z) = (z — 1) Bi(x), Bi(2) € klz], Bi(z1) #0,
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then the number of solutions in k of the equation
y' = B(x)
18
=
=7 > 1Al
j=0
where for 0 < j <l-—1
Aj = {(z,y) €k xk|y =B (2" + 1)},
& a generator of the cyclic multiplicative group k*.

Proof: I) The case ¢ = 1( mod ). Let x be a character of k* of order ! such that

27mi

X =w=eT.
Put x(0) := 0. It holds

-1 -1
N=q+Y Y xX"(Bl)=q+>_ > x((c—a1)Bic)) =

r=1 cek r=1 cek

-1
=g+ YD) X' (c—z)x"(Bi(c)) =

r=1 cek

r=10<i,j<I=1 c€A,x"(c—z1)=w,x"(B1(c))=w’

—11-1
_ s (r)
AP I > AT
r=1 s=0 0<i,j<l—1, i+j=s( mod l)

where

A:={cek|B(c)# 0} A" = {ce A| X"(c— 1) = ', X"(Bi(c)) = '}

For 1 <r <1l—11let ! denote the representative in 1,...,] — 1 of the class #~!
in the multiplicative group of non-zero residues modulo [. It holds
(r) _ 4
A 0] Arfli,rflj
hence
-1 1-1 -1 1-1
(T) 1)
Z w? - Z |7Z w® Z|A “Lir—1(s— z)|
r=1 s=0 0<i,j<l—1,i+j=s( mod l) r=1s=0 =0
I-11-1 -1 -1 1-11-1
ZZUJ Z TIS ]l_zz UJ| Tls]
r=1s=0 7=0 r=1 j=0 s=0
I—11-11-1 -1 l 1
_ rt (1)
_Z Zw |AJtJ w" Z'Ayty
r=1j=0 t=0 t= O r=1

-1

Z AS ]+ ZH) AW | =
t=1

J=0
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-1 -1 -1
1 1 1
= U IAGL 1= D 1AL = 1Y AT | - 1Al
Jj=0 Jj=0

1,J=0
SO

Jil=y

-1
N=q+13 AN | 4]
§=0
For 0 < j <1 —1it holds

A ={ce Alx(c— 1) =wl x(Bi(c)) = w7} =
={cc A|Itu) e k* xk*:c—x =&, Bi(c) = 7Tul}.
Let ‘ ‘
Aj = {(t,u) €k x k| By (&t + 1) = €794},
Bj = {(0,u) [ € 7u' = Bi(x1)} U{(¢,0) | Bi(¢' +a1) = 0},
0<j<l—1. Letpek*\ {1} with p! =1. For 0 < j <1 — 1 the map

1
gj - Aj \ Bj — A;,l)fj’

g;(t,u) =gt +
is surjective with the fibers

95 (@) ={(p", pu) [0 < d,e < 1}

for ¢ € A§}l)_j and fixed (t,u) € A; \ B; such that g;(t,u) = ¢ consisting of [?
elements. Therefore

1 1 1
AT = 1451 = 51851 =

1 1 . 1 .
=zl - gleek] gt = By(z1)}] - slcek| Bi(¢¢ +a1) = 0},
and so
-1 1 -1 1l*l
1 L
I>o1AR) ] = 72 14| = 72 Hee k|79 = Bi(x1)}|-
§=0 §=0 §=0
1A ,
—7 Y Heek|Bugd +a1) = 0} =
=0
1 -1
=D |4l —1—[{d €k | Bi(d) = 0}].
=0
Since

k=AU{cek|B(c)=0} =AU{ce k| Bi(c) =0} U{z1}
it follows that

-1
1
N=q+1) AW |14 =
j=0

-1
1
=q+ 7> 1Al —1-[{dek|Bi(d) =0} - |A| =
j=0
-1

1 1l71
= 7Z|Aj| = 7Z|Aj|,
=0

Jj=0
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because the map
Aj - Aj’ ($,y) = (:Cag_ly)
is bijective.
IT) The case ¢ #Z 1( mod ). Each element of k has one and only one [-th root in
k. It holds
N=gq |Aj|=¢,0<j<I-10

For a character ¢ of the multiplicative group k* let

(o)== 3 e(0) exp%Tr o/5,€)

cek*
be the corresponding Gauss sum. For two characters ¢1 and @2 of k* let
Up1,92) == = > _p1(c)pa(l —c)
cek
be the corresponding Jacobi sum. If ¢1 - 2 # 1 then

_ T(p1)7(p2)
(1) L(wl’ 502) - T(SDISDQ) .

For each natural number m > 1 let (n, := exp 22 and let ju,, o= {¢J, [ 0 < j <
m — 1} be the group of complex m-th roots of unity.

Proposition 1. a) If ¢ £ 1(mod l) then Ny = q + 1.
b) If ¢ = 1( mod I"*1) then

Ni=q+1-Troegu..)/00m),
where
= L(’l/)l ,1/}>,

¥ a character of k* of order I"T1.

Proof: a)If ¢ # 1( modl) then k*' = k*, so for each element ¢ € k there exists
one and only one element ¢ € k such that ¢\ = ¢, and so for each element € k
there exists one and only one element y € k such that y* = z(z!" — 1). This means
that N = ¢, hence Ny = N+ 1 =¢q+ 1. If ¢ = 1(mod ) and ¢ # 1( mod ("),
then the greatest power of [ dividing g — 1 is of the form [ with 1 < m < n. The
cyclic multiplicative group k* is the internal direct product of its subgroups U= of
order {™ and Uq —1 of order % Let x be a character of £* of order [, and let p be
a generator of the group Ujm. It holds

N={(z,y) ebxk|y =a@" }I*Q+ZZX - 1)).

r=1cck
For 1 <r <[ —11it holds

m—-1

S =)= > xdd P —1)) =

cek dEU% j=0
m—1 m—1
= DX =) =[] X)) Y XA —1)) =0,
deU,_1 7=0 7=0 deUq,_1
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since
m—1

> X(p) =
=0

x" being a non-trivial character of the group U;m. It follows that N = ¢, and so
Ni=N+1=gqg+1

b) Let ¢ = 1( mod ["*1), and let 1 be a character of k* of order I"*! such that
P(&) = (m+1, € a generator of the cyclic multiplicative group k*. By lemma 1 with
21 =0and Bi(x) = 2" — 1 it holds

N={(y) ekxk|y =a(" - Z|A|

where A; = {(z,y) € kx k | y' = & B (92"}, j = 1,...,1— 1. The A;’s are
diagonal curves of the form:
yt — @D = gl
It holds ([Da-Ha],[Li-Ni], p. 291, Theorem 6.34)
mto10-1
Al =q— Y D €t (=€ o) =
r=1 s=1
mtro10-1
— Y S e (e, ) =
r=1 s=1
o1 0-1
1" (s—r r s
D D DAt S URTE
r=1 s=1
since ¢¥(—1) = 1. It follows that

ZIAIZQZZ1

AR Iy |

S AT gt =

r=1 s=1
mti_11-1
=lg— > >y Zc{if D=
r=1 s=1

—lg—1 >, Q).
1<r<in+1-1,1<s<l-1,l|s—r
Therefore
= .
=7 MAjl=a- > oy, e) =
7=0 1<r<in+1-1,1<s<l-1,l|s—r

-11"-1

=q— Z Z L(’l/)SJril,’l/)Sln).

s=1 i=0
The automorphisms o of the abelian field extension Q({;n+1)/Q are given by (/7,41 :=
¢ 1<s<1—1,0<4 <"1 It holds

(1, 91)7 = s T T = (gt g,
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hence
1—11"—1 _
N=g-3 Sty =g— Y ) =
s=1 i=0 o€Gal(Q(¢{;n+1)/Q)

= 4= Trg(gny/ae(®,9")).0

Proposition 2. If ¢ = 1( mod I"*!) then

Le,(t) = II (1 —ngt),

0€Gal(Q(¢n+1)/Q)
where n, = (P!, 4), ¥ a character of order "t of k*.

Proo f: The L-polynomial of the curve C,, /k can be written in the form L¢, (t) =
H?i”’l(l — aj t), where a1, ..., a4, are algebraic integers. For r > 1 it holds ([St],
p-166, Theorem V.1.15.)

29n
(2) Ne=q +1-> af

j=1

Let 9 be a character of order ["*! of the cyclic group k*. The map
U Fgr — C, 4 (2) := Y(Np v, (2))
is a character of order ["*! of the cyclic group F},, and it holds ([Da-Hal,0.8)
T(¢r) = 7(4)",
hence by (1)

()T () ()T n
L(winﬂ/}r): (%) (Q/JT) _ (1/1 ) (w) :L(’l/)l ,w)r7

r(WFF) T Uy

so by Proposition 1

Ne=q'+1= >0y en)7 =
o€Gal(Q(¢n+1)/Q)

= qT +1-— Z (L(wlnaw)a)ra
0€Gal(Q(¢;n4+1)/Q)
and so

{a1,... a0, } = {t(@",9)7 | 0 € Gal(Q(¢n+1)/Q)}.O

Let m > 1 be a natural number and let K be an algebraic number field with
ring of integers Ok such that (,, € Og. Let p be a prime ideal of Ok not dividing

N (p)—1
m, and let x € Ok not divisible by p. The number x o is congruent modulo

p to one and only one root of unity ¢!, € i,,,. The map

(Ox /P) \ {0} = pm, x mod p — ¢,

is a character of order m of the multiplicative group of the finite field Ok /p called
the m-th power residue character modulo p.
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Proposition 3. Let p be a prime divisor of p in the ring Z[(n+1]. Let ¢ be the
["T1_th power residue character modulo p. Identifying the finite field F, with the
residue class field Z[(n+1]/p it holds:

a) The absolute value of the complex number t('" 1) is
(") = V@
b) The prime ideal decomposition of the principal ideal generated by L(wln , ) in the

ring of integers Z|Cm+1] is

L(7/)lnﬂ/))Z[Cln+1] = pZOSusw71,1§v5171:ul+v<1+lﬂ)s1"+1 o(uw) !

where o(u,v) is, for 0 <u <" —1,1 < v <1—1, the automorphism of Q(¢n+1)/Q
defined by Qﬁ,,(f{v) = ;ﬁfff’.
¢) In the ring Z[(n+1] it holds

@, 9) = 1(mod (Guir — 1)),
The number 1(" ) € Z[(ni1] is uniquely determined by the properties a), b) and
c).

Proof:
a): Every Jacobi sum in a finite field with ¢ elements has absolute value ,/q.
b): By ([Hal], p.40, (6.)) it holds

oY )L [Gen] = p2e A I,
where o runs over the set of automorphisms of Q({jn+1), jo mod ("1 is defined by
4 4
CI(ZL+1 = CIJ;:JA
and

e O E (=) 4 (=) < 17
d(=1"jo, ~Jo) { Lif r(=1"jo) +r(—jo) > "1 7

r(x) the smallest non-negative residue of z mod ("**. Tt holds

Z d(_lnjaa _jo)a =

o€Gal(Q(¢;n4+1)/Q)

= g o(u,v)™! =
0<u<i? —1,1<v<l—1L:r (=" (ul4v))+r(—ul—v) >In+1
= g o(u,v)~! =
0<u<i?—1,1<v<l—L:ir(=I"v)+r(—ul—v)>I"+1
= > o(u, )™ =

0<u<in—1,1<v<l—1:n 1 — [y i+l —yl—y>in+1
= Z o(u,v)"t
0<u<in—1,1<v<l— Liul4o(14m) <In+1
c): For c € Fy it holds
$(e) = 1 mod (G — 1)
and
V" (¢) = 1 mod (Gusr — 1)1
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Indeed, if ¥(c) = fiy, 0 < k < I"*1 then ¢(c) — 1 = [y — 1 is divisible by
Gn+1 — 1in Z[Gns1] and 4! (¢) — 1 is divisible by Ql:;l — 1 which is associate with
(Grntr — 1), Then

(@) == W (@p - o) == D v (1-o) =

celFy, celFy

=00 - S W (1-e - 1) =

c#1 c#0,1

—1- Y " 1 -) - 1)

c#0,1

=1- > @ (1—c) —1)mod (Guer — 1)\ T =

c#0,1
=1- Z V(1 —e) + Z 1 mod (Gnsr — 1)L =
c#0,1 c#0,1
= 1+14¢—2 mod ({n+1 — 1)anrl = g mod ({1 — 1)anrl = 1 mod ({nt1 — 1)ln+1.
Two numbers in Z[(j»+1] with the same absolute value and the same prime ideal
decomposition differ by a root of unity. The only root of unity in Z[(n+1] which
is = 1 mod (s — 1)1 is 1. The properties a), b), ¢) determine the number

L) in Z[Gna]. O
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